UNIT-II:

Mathematical Models: Translational and Rotational Mechanical systems, Differential
equations, Analogous of Mechanical System to Electrical System using Force (Torque)-Voltage,
Force (Torque)-Current, Armature and Field Controlled DC Motor, Synchro transmitter and
recelver.

Time Response Analysis: Standard test signals, Time response of first order systems, Transient
response of second order systems, Characteristic Equation, Time domain specifications, Steady
state response, Steady state errors and error constants, Effects of P, PI, PD and PID controllers.



Mechanical Translatory and
Rotational Systems



The weight of the mechanical system is represented by the-element mass and it is assumed to be
concentrated at the center of the body. The elastic deformation of the body can be represented by 2
spring. The friction existing in rotating mechanical system can be represented by the dash-pot. The dash-
pot is a piston moving inside a cylinder filled with viscous fluid.
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MASS ELEMENT
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DASH POT ELEMENT
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SPRING ELEMENT
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Let, f = Applied force
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Problem 1

Obtain the transfer function by writing differential equations (8
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By Newton's second law,
ffn1+fb1+fh +f|,:1+fk =[]

d

‘Ontaking Laplace transform of above equation with zero initial conditions we get,
Ms°X(s)+ B,sX,(s) +Bs [X;(s) - X(s)] + KiX(s) +K [X(s) - X(s)] =0
Xy(s) (Ms® + (B, +B)s + (K, +K)] - X(s) [Bs +K]= 0

X((s) [Ms + (B, +B)s + (K, +K)] = X(s) {Bs +K]

- X,(8) = X(s) BstK . = ... Eq 1L
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By Newton's second law,

d?x dx _ d .
ME EIE—-J-BE.E;'FBE (}{—KT}+K{I—K1]=f{t}

On taking Laplace transform of above equation with zero initial conditions we get,
M,S“X(s) + BSX(s) + Bs[X(s) - X()] + KIX(s) — X (s)] = F(s)

X(s) [M,s? + (B, +B)s + K] - X,{s)[Bs + K] = F(s)

Substituting for X,(s) from equation (1) in equation (2) we get,

(Bs + Kj?
Mss? + (B, +B)s+(K, +K)

X(s) [M,s2 + (B, + B)s + K] — X(s) = F(s)
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=F(s)
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Problem 2 petermine the transfer function of the system

VAP

By Newton's second law, f_,+f +f,+f, =11}
dy; o dy;
SM—+B—+ Ky, + Ky, - y,) =1{1 weenek |
132 at 11 -2{5"1 Y) = (1) (1)
“On taking Laplace transform of equation (1) with zero initial condition we get,

Ms2Y,(s) +BsY,(s) + KYy(s) + K,[Yy(s) - Yafs)] = F(s)
Yi(8)Ms® +Bs + (K, +Ky)] - Yy(s)K, = F(s) - £q 2
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-~ M, dt‘? + Kolyz —ys) =0

On taking Laplace transform of above equation we get,
M,s2Y,(s) + K [Y,(S) — Yy(s)] =0
Ya(s) [Ms% + Kl - Yi(s) Ky = 0

M,sZ + K
L Y(8)Y = Yo(s) —2 " e Eq 3
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Substituting for Y(s) from equation (3) in equation (2) we get,
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Mechanical Rotational
System
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Problem 3
determine the transfer function 6(s)/T(s).
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Substituting for 6. (s) from equation (2) in equation (1) we get,
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Analogous Elements in Force-\oltage Analogy

Mechanical system

Electrical system

Input : Force Input  : Voltage source
Output : Velocity Output : Current through the element
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Analogous Elements in Force-\oltage Analogy

Item

Mechanical system

Electrical system
(mesh basis system)

Independent variable Force, f Voltage, e, v
(input) | -

Dependent variable Velocity, v Current, 1
(output) Displacement, X Charge, q
Dissipative element - Frictional coefficient Resistance, R

of dashpot, B
Storage element Mass, M Inductance, L
Stiffness of spring, K [nverse of capacitance, 1/C

Physical law

Newton's second law
Y£=10

Kirchoff ’s voltage law
2v=0
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Analogous Elements in Force-Current Analogy

Mechanical system _ } Electrical system
Input : Force Input : Current source .
C}utpu't : Velocity ' Output : Voltage across the element
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Analogous Elements in Force-Current Analogy

2f=0

[tem Mechanical system Electrical system

(node basis system) -

Independent variable Force, f Current, i

(input)

Dependent variable Velocity, v Voltage, v

(output) Displacement, x Flux, ¢ |

Dissipative element Frictional coefficient Conductance G=1/R

of dashpot, B
Storage element Mass, M Capacitance, C
| Stiffness of spring, K [nverse of inductance, 1/L
Physical law Newton's second law Kirchoff ’s current law

2i=0




Problem 4
Force-\Voltage Analogy of Following System
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Force-Current Analogy of Following System
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Analogous Elements in Torque-\VoltageAnalogy

Mechanical rotational system

Electrical systém

Input : Torque
Output : Angular velocity

Input : Voltage source _'

Output : Current through the element
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Analogous Elements in Torque-\VoltageAnalogy

Item Mechanical rotational 'system Electrical system
| (mesh basis system)
| [ndependent variable - Torque, T | Voltage, e, v

(input) o
Dependent vatiable Angular Velocity, o Current, i

(output) Angular displacement, 6 - Charge, g
Dissipative element Rotational coefficient Resistance, R

| - of dashpot, B
Storage element | Moment of inertia, J Inductance, L
Stiffness of spring, K Inverse of capacitance, 1/C
Physical law Newton's second law Kirchoff s voltage law
| $T=0 Sv=0
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Analogous Elements in Torque-Current Analogy

Mechanical rotational system

Electrical system

Input : Torque
Output : Angular velocity

Input : Current source
QOutput : Voltage across the element
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Analogous Elements in Torque-Current Analogy

Item Mechanical rotational system Elecﬁ*ical system
(node basis system)
Iudependant.vaﬂable Torque, T | . Current, i
. (input) |
Dependent variable Angular Velocity, © | _ Voltage, v
(output) Angular displacement, 6 Flux, ¢
Dissipative element ~ Rotational frictional * Conductance, G = 1/R
coefficient of dashpot, B
Storage element Moment of inertia, J . Capacitance, C
| Stiffness of spring, K Inverse of inductance, 1/L
Physical law | Newton's second law  Kirchoff ’s current law |
2T=0 2i=0




Torque-\Voltage Analogy of Following System

Problem 5
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Torque-Current Analogy of Following System
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Armature and Field
Controlled DC Motor
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DC MOTOR
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Pole Shoe |/ Face

"// Field Winding
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DC MOTOR




Let, R = Am
| L = Armarmre ingucrance, 1

i = Armature current, A
'v_= Armature voltage, V
€ = Backemf, V

K, = Torque constant, N-m/A

T = Torque developed by motor, N-m
0 = Angular displacement of shaft, rad

J = Moment of inertia of motor and load, Kg-m*rad

R, = Field resistance, Q)
L, = Field inductance, H
i, = Field current, A
v, = Field voltage, V |
T = Torque developed by motor, N-m

K. = Torque constant, N-m/A

B = Frictional coefficient of motor and load, N-m/(rad/sec)

K = Back emf constant, V/(rad/sec)



Armature Controlled DC Motor

di
R, +L, —=+e. =V
it °

Tel
. Torque, T=K 1,

[ ()R, +L sL(s) T E(s)=V(s)
T(s)=K/1,(s)

Js%6(s) + B s 0(s) = T(s)
E,(s)=K.s 6(s)



Field Controlled DC Motor

\a La Ra @f, '\_t_
1
Relg+L— f =¥y v VP
di A \
v
Tcalt:i:r

Torque, T=K_ i, Rele(s)+ LesIg(s) = Vi(s)

T(s)y=K I(s)

2 o
;40 L0 15%0(s) + Bs6(s) = T(s)



Armature Controlled DC Motor



Transfer Function for Armature Controlled DC Motor
R L,

The equivalent circuit of ammature is shown , L ’\N“v oy
By Kirchoff’s voltage law, we can write, .+ LR, | m‘h | +J_
di K 4 ey
iﬂRa-l_Lad_;'i-eb =V, | "y,

Torque of DC motor is proportional to the product of
Jux and current. Since flux is constant in this system, the

sorque is proportional to i_alone. .

S 1
Te l:: | 9‘/ ,?j — B

o Torque, T=K 1

AARANANT

The differential equation governing the mechanical system of motor is given by,

d e HE:T

I
de? dt




The back emf of DC machine is pmpnrtiu'na].tn speed (angular velocity) of shatt.

Eb“‘@ or Back emt, eszbﬂﬁ
dt dt

The Laplace transtomn of various time domain signals involved in this system are shown below.
Lud=Viish Ll =Ey(s); LT)=T0s): L} =L(s); L6}=60)
The differentiel equations governing the amnature controlled DC motor speed control system are

d R I
iR 4L —t+e =y, o T=Ki o J—=+B—==T", ¢=K—
£ b7 e ts dtg i b hdt



d*0 _do do
+L +e =v, ; TI=Kj, ; J—+B——- T : e=K,—
Ra R ! t'a dt dt © b o it

Taking Laplace transform of the above equations
LS)R +L L) +E(s) =V (5) <0 R, +sL)LE)+E()=V,(5)

T(s)= KL, () — () ne
109)+Bs0=T)—D  fem 20
E.(5)=K,s6(s) _ D) K.l4(s) = (s” +Bs) 6(s)

Subsh ke @Z@\QO K'\s@)



P
R, +sL,) O 1: BS) 6(s) + K,s 6(s) = V, (5)

i

(R, +sL,) (Js* + Bs) + K K8

K 1 0(s)=V,(s)

B

0(s)

V,(s)

The required transfer function 1s

. 0(s) K,

V.(s) R, +L,) (I +Bs) +K,K s




Block Diagram for Armature Controlled DC Motor
LR FLsL(s) +E(s)= Va(S)—‘®
Ts)=Kd,(s) — @
Js’6(s)+ B s 0(s) = T(s) “"’@)
Ey(s)=Kys6(s) — @D ]
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LER+LLE)FEE)=V(6) (D)
T(s)=KJI,(s) @
IS0(s)+Bs8(s)=T(s) ()
Ey(s)=Kysb(s) D
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Block Diagram for Armature Controlled DC Motor

LR FLSLE) FEE=V(5) — D
T6)=KLE — ©) Oolf ¢

19(5) +Bs0©) =T6) __(2) =
E,(s) = Kys 6(s) -@)
,Evpb\ 1.8 1,09 T{s
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Block Diagram for Armature Controlled DC Motor
[(S)R,+L sl(s)+ E (s)=V.(s)

T(s)=KJI,(s) . = g
(s) (s) @5 Hg 26D ,1’5
Jsze(s) + B s 0(s) =T(s) '.’> e ol?f

| a\ ¢
E.(s) = Kys 6(s)

V,(s)-E4s) ot
' (s) __Tls)—7) ofs)=__ 0s)

V(s) 1 ,
' — K ‘ s>
R.+sl & Js+B |

Es)
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Field Controlled DC Motor



Transfer Function for Field Controlled D_C Motor

+ -
The equivalent circuit of field is shcmwF g ‘I‘ R <
By Kirchoff ’s voltage law, we can write |
di, | LA g
Ri;+L,—=v | Ty =
flf Ty T ! _
Tei,, ..Torque, T=K_I,
The differential equation governing
prairsimy
d’e . ,do B 2

: g T
—+B—=T
&2 dt



The Laplace transform of various time domain signals involved in this system are sho
=10 ; UT}=TE) : Lv}= Vis) 5 L{0}=0(s)
The differential equations governing the field controlled DC motor are,

di d’8 _do
Kgtli—L=v; ¢ T=Kgi; ; J—+B—=T
=Y s PEb
On taking Laplace transform of the above equations with zere initial condition we get,

Rylg(s)+Lgs l;(S)‘—' Vi(s) ® (Rg +sLg) Ie(s) = Ve(s)

5:@ ~©
T =Kelels) — @ Ky I1(s)=Js%0(s) + BsB(s) -
19009 +Bis) =T — @ (Js+B)

Subshlule B\ © [i(s)=s X 0(s) — @



(Js+B)
Kg
s) K,

(Rg+sLe)s 0(s) = Vi(s)

#(8) s(Ry+sL;)(B JE-s;j)



Block Diagram for Field Controlled DC Motor

Rele(8)+Lesle(e)=Ve(s) — (O
T(s)=Ky Ie(s) — @
Jszé(s) +BsO(s)=T(s) — @

- \ ’l Tl
V@KB’—%XEC,A-‘&Z&\ B L

FolD — (8 T = o(s)
= 5 >akt<f,! "”"“%{}52.,\,5

.--——/ @ s P @




Block Diagram for Field Controlled DC Motor

Rel(s) + Ls [(s) = Vi(s)
T(s) =Ky Ig(s)

15%0(s) + BsB(s) = T(s)

1] i) T(s) [ 1
Js? +Bs

» 0(s)




Synchro Transmitter and Recelver



Synchro Transmitter and Recelver

The Synchro is a type of transducer which transforms the angular position of
the shaft into an electric signal. It is used as an error detector and as a rotary
position sensor




Here e(t) voltage is obtained based on angular position of
Rotor



TIME RESPONSE ANALYSIS



TEST SIGNALS

The characteristics of input signals are
1) Sudden Shock

2) A Sudden change

3) A constant \Velocity

4) Constant Acceleration

To study the system behaviour in labolatory we use test signals
which these characteristics and are used as input signals to predict
the performance of system.

The Commonly used Test Signals are

1) Step Signal (Steady Input)

2) Ramp Signal (Increases linearly with time- Constant
Acceleration)

3) Parabolic Signal (Constant acceleration )

4) Impulse Signal. (Sudden Shock)



TEST SIGNALS

STEP SIGNAL

The mathematical representation «
rft)=1; t=0
=0;t<0
RAMP SIGNAL

The mathematical representation
rty=At ; t=0
=0 ; t<0

PARABOLIC SIGNAI
The mathematical representation

2
r(t)=‘% 2 0

=0 ; t<0

IMPULSE SIGNAL

[REr

S(t)=w; t=0 and j&(t)dt=ﬁ

=0: t#£0

r{tha

4.5A

ZA
0.5A

8(t)

N . L

Y

e w = = -

- w w A o w e w W m

o

| ]
Ll N1
P

i



S-Domain

Representation of TEST Signals

Name of the signal

Time domain equation
of signal, r(t)

Laplace transform of
the signal, R(s)

Step A =
S .
Unit step l !
S
Ramp At ig
S
Unit ramp t _12‘
. 5
2 A
Parabolic A E)
5 S
Unit parabolic 5 5
P Py $
Impulse o(t) l




ORDER OF A SYSTEM

| . P(s) bys"+b;s™ " +b,s" 24 .tb.5+h
Transfer function, T(s)= L0 — e
Qls)  aps’+a;8™ +a,5" “+....ta, 542,

When n = 0, the system is zero order system.
When n = 1, the system is first order system.

When n = 2, the system is second order system and so on

T(s) = P(s) _ {(s+2z;)(s+ :;2}....._..{5+ Z)
Q(s)  (s+p(s+Dpz)e(s+Dy)

ORDER is Equal to No.of Poles



General Transfer Function Representation of System

First Order System

T —

Second Order System

2

R(s) | y_ O | C[i)
@ §°+ 20 s

©_= Undamped natural frequency, rad/sec.

<

o
—

5+ 20,5 +07

€ = Damping ratio.



Response for First Order System for Unit Step Input

—

T =

The closed loop transfer function of first order system,

C(s) _ 1
R(s) 1+Ts

T ]_
If the input is unit step then, rt)=1 and R(s)= =

1 1 1 1 T
*. The response in s- domain, C(s) =R - l
| | +5} {H ]

(1+T5) 5 (1+Ts) 51{-3
T




By partial fraction expansion,
1

T :A+ B
1 = 1
S+ — S+ —
{=+3) * (=3
!

— = A EEJFIT;H} + RS

C(s) =

O Ccom pacc Conskanlks

%:P\i = A =\

@& P S= —— 1 _e (7]
= — |



The response in time domain i1s given by,

When,
When,
When,
When,
When,
When,
When,

~ e~ = e e = e

ct)=LHCE)}=LH———Fb

T,
2T,
3T,
4T,

5T,

c(t) =1-¢e=0

o(t) =1—e!=0632
c(t) =1-¢e2=10.865
c(t) =1-e2=0.95
c(t) =1-e*=09817
co(t) =1-e5=0993
c(t) =1-e==1

+a
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Second Order System response to UNIT STEP input

z.
12(5) > wﬂ c[@
=i 4 =% 2 LW, s —4—:..9,"?
= v
2.
LD
.c (9 s n

S (5z+ 2£U,s + qu)

‘:(LJ:: L.~'Cc_(5ﬂ

Bs+ C
s%2gu,s +0

c@)z?——l—

= A CsBhapugs b af] B0

—

5(524- 2gWys +coqij



—— 2.
= AS T 2RWnAS AW, BS 4+ &S

5[52-4- 2;‘03,‘5 _;_wn&)

2.
Dp

I

2.
A& =y 2EWNAS +AW, T BS - &S

S5 (524280, 51002
15+ay) s (<2 2£W0s 40,2

wr\g-: A~59—+' 2eWnAs+ A“an—!- BsZ | e

compare. In% GelPPioients

= A

Compare S coePlidents

O =A+8 DSB=-A = ~f



COMPate S Coeflicieqts

0 = ZEW A +C
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1(t) I | () 4

.

In output response, the system provides oscillations intially and
these oscillations are dying with incerease in time. This response is
Underdamped System response

¢ <1



Output Response of Second Order System for
Underdamped System

c(t)a

c(t)f--g---- .

=

_ Allowable error
2% or 3%

0.5r-

Y

U;ditrip' t-,



Time Domain Specifications

Delay time tq : It is the time taken for the output to reach 50 % of final
value for the first time.

Rise time tr : It is the time taken for the response to raise from 0 to 100 %
for the very first time for under damped. (Overdamped 10 % to 90%
,Critical damped 5 % to 95 %)

Peak time tp : It is the time taken for the response to reach the peak value
the very first time.

Peak overshoot Mp : Itis the ratio of difference between peak and final
value to the final value

_ofty) = (o)
P =)

Settling time Ts: It is the time taken for the response to reach and stay
within a specified error. It is usually 2% or 5 %.




Derivation for Rise Time , tr

e—-(_’,mnt

oty = 1— sin (w4t +0)
\/1—&

Att=t, c(t) = c(t) =1

—Lal
o n*rT
-+-.E{tr) ].

sin(m4t, +6) =1




—e F@ntr 2 sin(o4t, +0)=

sin =0 ¢ =n2n3n..,

Loyt +0=m

'Eﬂdtr =1L -El
—

L N n—0 |
o Rise Time, t, = |
! m 4 |
1 —

e |

T e |

m-tan” CC :

- Rise time, t, = —— 11715esc'l

|

_ |

0

0y =0,y1-8
_ 2

0 =tan™ 1-¢
G




Derivation for Peak Time , tp

Differentiating the C(t) with respect to t and equate to zero to get
peak time.

e =®nt
d . eft)=1- sin(wyt +90)
1 Oher, = J1=¢
r [ g\
d —g ™! . : = b |
—¢(t) = (-Cw,) sin(o,t+0)+ : cos(w,t+0)w,
d 1-¢ WI=G )

Put, mdrm |

| o
*Efs(f) Y (Co,) sin(o,t+6)- il i ﬂim“tﬂﬂﬂﬂldt'['e)

B - J_



e

¢ sin(m t+0)—4/1-C° cos(w t+E}}
i v’

cos 6= sin@ = ]—Q

_ O, —-;mnt[mse sin(m,t +0) —sin0 cos(w,,t +E"}]

J1-C ’

= —2_ e '[sin(@,t +0)cosd - cos(®,t +6)sin8|

- n a“‘:“’“‘[sin{(mdt-t-ﬁ}—e}]

1-¢*




1-C*

sin(® 4t)

d
att=t,, —c(t)=0
P (1)

£

n_ g “0n'p sin(w4t,) =0

Since, e >°1'? (), the term, sin(wyt,) =0
_When b=0, m, 2w, 3m, sinp =0
". m.dtp =T



T —

——
Pﬂ&ktlmﬂ ty=—
B4 |

04 =04 1_‘;3

Peak tlme ty= F |
| |




Derivation for Peak Overshoot

E t - ¢l
%Peak overshoot, %M, = ( p) = ):sz 100

| c(m)

where, c(t) = Peak response at t=t .
c(o0) = Final steady state value.

nk

Jl@

E(t)zl—

= sin(@ 4t +9)




=

Att=s, o) = o) = |- st 4+) = 1-0 = |

-

1-&3

0
¢ O T
=]-— s} @3—+6

Wy

e
Att=t,, c(t)=c(t;)=1-

sin{@ 4t , +0)







c(t,) —c(«)

Percentage Peak Overshoot, %M, = x 100
c(0)
_ 5T
2
1+e Vit -1
= = 100
1
T
i-E



Derivation for Settling Time

ﬂ-{"mnt
= sin(m 4t +9)

e

The response of second order system has two components. They are,

c(t)=1-

| : E:—Qmﬁt
1. Decaying exponential component, r‘"““l_ 2

2. Sinusoidal cnmpnnent', sin(o t + 0).

settling time is decided by the exponential component
E:—'l:_mnts

For 2 % tolerance error band, att =t ,f—‘l 2
_ =

=002

For least values of £ , e 5®n's = Q02



On taking natural logarithm we get,

4

Lo k=h00) > -log=-4 .tsszn

. Settling time, t_ = FL= 4T  (for 2% error)

':lmu

For 5% Ermr, e =%t = 0035

On taking natural logarithm we get,

ot =h(005) o -lot=-3 o =



~. Settling time, t5=c—3— =3T  (for 5% error)

#mﬂ

o Settling time, t. = rL =4T  (for 2% error)
| (o

i




Problem 1

The unity feedback systemis characterized by an openloop ranfer function Gis) =K/s (s +10). Determine the gain K,
sothatthe system will have a damping ratio of 0.5 forthis value of K. Determine peak overshioot and time at peak avershootfor

aunitstep input

C
H{S} G{E - {S;’.
Cls) _Gis)
R(s) 1+G(s) G(s)=K/s (s +10)
K
Cs)  ss+10) _ K . K
+R{5}_‘t+ K - s(s+10)+K s°+10s+K

s{s+ 10)



Cs) . oq ___K
R(s) s’+2m,s+o- s°+10s+K

oi=K . 2o,=10 (=100
:.mn=\p’ﬁ_ Put=0.5and o, =JE
~2x05x+K =10 mn=10radfsecl
JK =10

2
Percentage peak overshoot, %M, = E{'ﬂm x 100 -

= g 05057 L 100 = 0163 x 100 =16.3%



= - T k = =(.363 sec
p—— E— r— 2
eak time, t, PR e



Problem 2

Aunity feedback control system has an open loop transferfunction, G(s)= 10/s(s+2). Find the rise time, percentage
overshoot, peak time and settling time for a stepinputof 12 nits.

The closed loop transfer function, s) = _G(s)
| R(s) 1+ G(s)
The closed loop tra nsfef_ﬁmctinn,
Given that, G(s) = 10/s (s+2)
10
Cls) s(s+2) 10 B 10

| R{s}m-1+ 10 s(s+2)+10 s2+2s+10
s(s+2)




Standard form of } C(s) 2

f
Second order transfer function| R(s) s°+200,s+0?

On comparing equation (1) & (2) we get,

®2 =10 2o, =2 |
— 2 1
. o, =+10=3.162rad/sec| . (=——= =0.316
On =V races ~" e 3162
1_;-'? . 2
6=tan"’ 2 =tan™’ J1 6316 = 1249 rad
ST 0.316
0g = 0y1-2 =3162v1-0.3162 = 3 rad/ sec
Rise time, t, = 9 T FF@ = 0.63 sec

By 2



_&n 0316
Percentage overshoot, %M, = eﬁ x100=gV0316° 100
| = 0.3512x100=35.12%

Peak overshoot = 35':]2 x 12 units = 4.2144 units
Peaktime, t = -ﬂ- = 2 —1047 sec
ﬂ]d 3
i 1

Time constant, T = =1sec

| (o, 0316%3162
v For5% error, Settling time, t, =3T =3 sec

For 2% error, Settling time, t, =4T =4 sec



Risetime, { = 0.63sec

Percentage overshoot, %M, = - 35.12%

Peak overshoot = 4.2144 units, (forainput of 12 units)
F’ealr;tin'na,tp = 1.047 sec |
Settling time, . = Jsecfor5% ermor

4 secfor 2% emror



TYPE NUMBER OF CONTROL SYSTEMS

G(s) Hs) =K &) - g £+ 21) (+2,) (5+25) s
TQs) sV (s4py) (5+Dy) (5+P3) e

If N = 0, then the system is type — 0 system
If N = 1, then the system is type — 1 system
If N = 2, then the system is type — 2 system
[f N = 3, then the system is type — 3 system and so on.

10(s + 2) 20(s + 2) 10 10

s?(s+1) s(s+1(s+3)  (s+2)(s+3)  ss+Ns+2



_ G(s)f >
The error signal, E(s) = R(s) — C(s) H(s) ‘
H(s)

The output signal, C(s) = E(s) G(s) C(s)H(s)

E(s) = R(s) - [E(s) G(s)] H(s)
E(s) + E(s) G(s) H(s) = R(s)
E(s) [1 + G(s) H(s)] = R(s)

R(s)

- E(s)=
1+ Gq(s) H(s)

Using final value theorem,

The steady state error, e, = Lt e(f)= Lt sE(s) = Lt 1 éls{)sl;{()
t—rot s— + 5 3



STEADY STATE ERRORWHENTHE INPUT IS UNIT STEP SIGNAL

When the input is unit step, R(s)=1/s

Steady stéte error, e = Lt SREs)
> 0 1+G(s) H(s)

1 . | -
5_ . -I-
| 1 1
g = Lt 3 = Lt : = — =
>0 1+G(s)H(s) 0 1+G(s)H(s) 1+ Ltﬂ G(s)H(s) 1+K,
i

where, K, = Lt G(s) H(s)
530 -

The constant K _ is called positional error constant.



Type-0 system

K,= Lt G(s)H(s)= Lt K (s+z) (8127} (5F23)......
s—0 =0 {S+p1) (5"'}};;) (5_1_1}3}""”

= ¢constant

Hence in type-0 systems when the input is unit step there will be a constant steady state error.



Type-1 sysitem

K, = Lt G(s)H(s)= Lt K (+2) (5+2) (5+2).... =0
530 20  s(s+py)(s +.p2} (S+P3)emee
1 1
EEE = - = [}
1+K, 1+

In systems with type number I and above, for unit step input the value of K. is infinity and so the
steady state error is zero,



STEADY STATE ERRORWHENTHE INPUT IS UNIT RAMP SIGNAL

Steady state error, e, = Lt H{;l?{;;( )
. e <Y H(s

When the input is unit ramp, R(s) = iz
s
< 1
_ 2 1
ne = Lt 3 = Lt
s—»0 1+ G(s) H(s) s—0 s+sG(s) H(s)
1 1

Lt sG(s) H(s) T K,

where, K. = Lt sG(s) H(s)

Co53l)

The constant K is called velocity error constant,




Type-0 system

K= LtsG(9) H(g) = Lt K- ST2) 872) (+7)...
550 =0 (s+py) (5+py) (S+p3) ......
:.ﬂﬁ:]a K,H,:lfﬂ:m
Hence in type-0 systems when the input is unit ramp, the steady state error is infinity.

Type-1 system

K, = LisGO )= Lt K (612)6%2%) 6F ) _ g BB Ty contany
0 $(3Py) (5FP2) (5 Py)ovn P1-P2-P3eeren

e, =1/K, = constant

Hence in type-1 systems when the input is unit ramp there will be a constant steady state error.

Type-2 system

K= LLsG HE)= Lt sk (5 %) 6+2) §4 %) _
50§ (s+p;) (+py) (5% 3w

e =1/K,=1/0=0

In systems with type number 2 and above, for unit ramp input, the value of K_is infinity so the
steady state error is zero.




STEADY STATE ERRORWHENTHE INPUT IS UNIT PARABOLIC SIGNAL

Steady state error, e = Lt SRS)
>0 [+G(s) H(s) -

When the input is unit parabola, R(s) =l3
g

1

§— |
3
el =Lt S : : 1

58

——
—

= Lt — =
=0 1+G(s) His) 0 5 +5* G(s) H(s) Lt s’G(s) H(s) K

a
“where, K, = Lt s*G(s) H(s)
- 5

The constant K is called acceleration error constant,



Type-0 system

K= L s*"G(s)H(s) Lt i 512 (672) 647 =0
| 0 (s+py) (5+y) (5TP5)onn

L1
TR, 0

Hence in type-0 systems for unit parabolic input, the steady state error is infinity.

Type-1 system
‘K = LtLO(s) B = 1t PR B) 6 8) o
"o 0 §(5%D,) (5y) (51 Py)en
oLl
CFR, 0

Hence in type-1 systems for unit parabolic input, the steady state etror is infinity.



Type-2 system

| | b)) (s+ Ly Ty
- K,= LG H = Lt §K 512) E42) (¥ D) _ g 2laTyn oo
G

D0 (s Hpy) (5+Py) (5P PrPa Py

1
/8 =——= constant
a

Hence in type-2 system when the input is wnit parabolic signal there will be a constant steady
state error.

Type-3 system
K, = LtSGO HE= Lt FK- ) 6T n) 8
0 =0 5 (s+py) (5+py) (5 P3)enn
.'.eﬁ=i=l'=0
K,

In systems with type number 3 and above for unit parabolic input the value of K is infinity and so
the steady state error is zero.



K, = shtﬂ G(s) H{s}

K, = Lt sG(s) H(s)

5=—»0

K, = Lt s°G(s) H(s)
5= ()

As Type
Number
Increases Steady
State Error
Decreases

TABLE-2.2 : Static Error Constant for

Various Type Number of Systems

Error Type number of system
|Constant 0 1 2 3
KP constant o0 o0 an
K, 0 constant @ 0
K, 0 0 constant | oo
TABLE-2.3 : Steady State Error for
Various Types of Inputs
Input Type number of system
Signal 0] 1 2 3
. 1
Unit St 0 0 0
nt cp 1+ Kp
1
Unit Ramp o0 _K: 0 0
1
Unit Parabolic oo oo E 0




Problem 3

' 10(8+2
Fora unity feedback control system the open loop ransfer function, GIS) = 844

Find
s°(5+1)

a) the position, velocity and acceleration eror constants,

For a unity feedback system, H{5}=i
Position error constant, K, = 'Lt{:I G(s)H(s) = LtﬂG{s}

10(s + 2)
= Lt —
50 §°(s + 1)




=y

Velociy eror constant, K, = Y GlsiHs) - siltns Gis) - ek 502((:?)]

Acceleration error constant, K, = Lwtﬂ| s*G(s)H(s) = Lt EEG{E]
_ 5

.
= Lt s% 2(5+2) 10x 2
=0  s°(s+1) 1

=20



Input Type number of system

Kp - Lt G(S} H(S} Sigﬂﬁl 0 | 1 2 3
>0 | | 1
Unit Step 0 0 0
K, = Lt sG(s)H(s) 1+ Kp
" 50 1
Unit Ramp o0 “"K: 0 0
K, =Lt s*G(s) H(s) "
S
Unit Parabolic 0 a0 E; 0
Problem 4
constant steady state error and caltmlate méf rlrél[i-e; B
- 20(s + 2 -
3 o) - D a0 g = 1O

s(s+T(s+3) "~ (s+2)(s+3) | - s*(s+1)(s+2)



- 2(s+2)
%) G- 5(3+7)(5+3)

Letus assume unity feedback system, .- H(s)=1

The open loop system hesa paleatorigin. Hence tis a type-1 system. Insystems with type number-1, the velocity (ramp)
inputwill give a constant steady state ermor, -

L 1
The steady state error with unit velocity input, e, = —

Velocity error constant, K, = Lt sG(s)H(s)= Lt sGfs)
Y oY)

20(s+
U s (5+2) _20x2_40

S0 s(s+ifs+3) 1«3 3

2 _og

Steady state error, egg = Kl: m



10
(5+2)(s+3)
Letusassume unity feedback system, . H(s}=1,

b)) Gis)=

The open loop system has no pole atorigin, Hence tis type-0 sysiem. Insystems with type number-0, the step input
will give a constant steady state error. -

The steady state error with unit step input By = ﬁ_
. o +K,

Position ertor constant, K = Lt Gls)H(s)= Lt!j Gis) = i_tEr ™ 21)? 3 s 21 03 ::;’.
- 5= G- 8+ W

30

1+&:1+g:3+5-8

Steady state error, e, =



10
s°(s+1)5+2)

J 3

¢) Gs)=

Letus assume unity feedback system, - His)=1,

The openloop system has two poles atorigin, Hence tis type-2 system. In systems with type number-2, the
acceleration (parabolic) inputwill give a constant steady state eror,

The steady state error with unit acceleration input, &, = l |
. - Ka

Acceleration emor constant, K, = Lt 5% Gis)His)= Lt &7 Gis) = Lt l LU =)
| s 0 o0 '(s+1)s+2) 1x2

1

b

Steady state emor, &, =

1 |
Wyl

]
H]



Response for Undamped, Critically damped and
Overdamed systems for Unit Step Input

2
()]

u

C(s) _

R(s) & +200,5+0°

where, ® = Undamped natural frequency, rad/sec.

Case 1
Case 2
Case 3
| Case 4

C = Damping ratio.

» Undamped system.

Under damped system,

+ Critically damped system,

r Over damped system,

0<{<1

=1



RESPONSE OF UNDAMPED SECOND ORDER SYSTEM FOR UNIT STEP INPUT

. 2
® 1 o
AY=RE) === 5 3
s“+m; S ST+
By partial fraction expansion,
2
® A B
CE)=—a" ==t 2
s(s"+m;) S S+ JComPﬁ-ﬁ@
2 bk 4 E Wy co el
UJn o /%(5 N —55 " C
£) 1 o
G 2
A B 1 S = T
C(s)=— + =-— -
8= f+02 s S+




RESPONSE OF CRITICALLY DAMPED SECOND ORDER SYSTEM FOR UNIT STEP INPUT

i

R(s) s +20@,5+®;

Cs) _ o2

For critical damping £ = 1.
CCs) 0 o B
CR(s) sf+20s5+0° (+o,)

2

@y

2

2 7 y)
C(s)=RE—2 =1 @ _ __ O
(s+w,) 8 (s+o,) s(stm_)

By partial fraction expansion, we can write,

2
! B C
C(s) =- t 2-=-5+-—u--—:+
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The response in time domain,
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Stable System

Casel : Undamped system, =0
Case2 : Under damped system, -~ 0<(<I

Case3 : Critiéall}f damped system, (=1 i

Case4 : Over damped system, [>1 17 === |
Stable System 7 ’
Oscillations Decreasing as £~ o i
increases 4 3 S\
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Stable System
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Poles of Second Order System for Undamped, Under damped,
Critically damped and Over damped systems

C(s) w2

u

R(s) & +200,5+0°

where, ® = Undamped natural frequency, rad/sec.
C = Damping ratio.
The characteristics equation of the second order system 1is,
s'+20os+0? =0 |

It 15 a quadratic equation and the roots of this equation is giveﬁ by,

2o, Jalgm — 4o’ -Qmﬂi#mﬁ@z—l}
2 2
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roots are purely imagina
When{ =0, s;, 8, =2j0,: { pUISY SRS

and the system is undamped

~ [roots are real and equal and
27 7% Vthe system is critically damped

roots are real and unequal and
s 1} 2.
WhenC>1, 5, 8= =0 20505 - {the system is uvardamped

When =1, s

When 0<C <1, 5, 5, =~(0, 0,5’ -1 ==, 20,4 (1-0)
| - o, to 1 1-C =Lo, + joy1-C

roots are complex conjugate
the system is underdamped
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where, ©4=0,y1-¢
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Effect of P, PI, PD, PID Controllers
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1. P Controller (Proportional Controller)
Gain Increases, Seady State Error Constant

2. Pl Controller (Proportional Integrator Controller)
Steady State Response Improved

3. PD Controller (Proportional Derivative Controller)

Transient Response Improved (Rise time, Peak time and
peak overshoot decreases)

4. PID Controller (Proportional Integrator and Derivative
Controller)

Transient and Steady state response both are improved



